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A method based on singular value decomposition
(SVD) is proposed for extracting features from motion
time-series data observed with various sensing sys-
tems. Matrices consisting of the sliding window (SW)
subsets of time-series data are decomposed, yielding
singular vectors as the patterns of the motion, and the
singular values as a scalar, by which the correspond-
ing singular vectors describe the matrices. The sliding
window based singular value decomposition was ap-
plied to analyze acceleration during walking. Three
levels of walking difficulty were simulated by restrict-
ing the right knee joint in the measurement. The ac-
celerations of the middles of the shanks and the back
of the waist were measured and normalized before
the SW-SVD was performed.The results showed that
the first singular values inferred from the accelera-
tion data of the restricted side (the right shank) signif-
icantly related to the increase of the restriction among
all the subjects while there were no common trends in
the singular values of the left shank and the waist. The
SW-SVD was suggested to be a reliable method to eval-
uate walking disability. Furthermore, a 2D visualiza-
tion tool is proposed to provide intuitive information
about walking difficulty which can be used in walking
rehabilitation to monitor recovery.

Keywords: singular value decomposition, time-series
data analysis, sliding window, motion analysis, walking
difficulty evaluation

1. Introduction

Body motion contains vast information such as com-
municative message [1, 2], motion capability [3, 4], skill

level [5], even the characteristic and the identity of a per-
son [6, 7]. The motions performed by the human mus-
culoskeletal system are learned, programed and gener-
ated by the nervous system including the cerebral cortex,
the cerebellum, the brain stem and the spinal cord. The
dexterity of body motion therefore embodies the human
knowledge related to body control. The embodied knowl-
edge, or tacit knowledge, internalized in the body is a na-
tive human endowment that plays an important role in ac-
quiring and performing skills. Neurophysiological study
on embodied knowledge by Kawato et al. proposed a
cerebellar computational model, called an internal model,
which argued that the inverse model with feedback and
feed forward control is useful in modeling motor con-
trol [8, 9]. Hall et al. further suggest that this intrinsic
rhythmicity of around 3 Hz reflects an underlying organi-
zation of motor cortical circuits engaged in feedback con-
trol of movement [10].

Embodied knowledge has also been studied from the
viewpoint of the kinesiology by using the kinematic in-
formation of motion, such as trajectory [5], speed [11],
and acceleration [12, 13]. Analysis of the time-series data
is usually required to extract features from large-scale
and multidimensional kinematic information [14]. Vari-
ous methods, such as Hidden Markov model (HMM) [15,
16], Dynamic time warping (DTW) [17], artificial neu-
ral network (ANN) [18], principal component analy-
sis (PCA) [19, 20], and correlation coefficient (CC) [21]
have been utilized to analyze time-series data of physical
movement.

Recently, Singular Value Decomposition (SVD) [22,
23] has shown its effectiveness in time-series data analy-
sis. Nakanishi et al. studied the coordinative structures in
human behavior by constructing multiple alignments from
the time-series data and detecting motion change points
with the SVD [24]. Cavallo et al. segmented time-series
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data with the SVD for the real-time classification of ma-
nipulation tasks [25]. In previous studies [26, 27], authors
have proposed a method based on the SVD to extract fea-
tures from time-series data. The matrix defined from the
time-series data are decomposed into singular vectors and
singular values. The left singular vectors extracted from
time series of trajectory data was applied to a hand gesture
recognition experiment and the experiment results con-
firmed that the proposed method led to a high recognition
rate than PCA and correlation efficiency (CE) [26]. The
singular values extracted from time series of acceleration
data was suggested to be a reliable criterion to evaluate
walking disability [27].

This study focuses on the evaluation of motion capabil-
ity based on time-series analysis using the SVD. Although
the previous study [27] has shown the effectiveness of sin-
gular values in the evaluation, data preprocessing, such as
the segmentation of the motion cycles to guarantee each
column of the matrix to be composed of one cycle, and
data alignment by interpolation and deletion to make the
cycle length the same, are required. These preprocess-
ing increases the complexity of calculation, and thus de-
creases the applicability in practical use. The performance
of the method may also be affected by the implementation
of segmentation and alignment since different algorithms
may lead to different results.

A new method free of segmentation and alignment is
therefore proposed in this paper to extract motion features
using Sliding Window based SVD (SW-SVD). Section 2
describes the SW-SVD. Section 3 validates the SW-SVD
with a walking difficulty evaluation experiment. The ac-
celerations of walking were measured for three levels of
difficulty and the singular values extracted from the ac-
celeration data are investigated as a criterion to evaluate
walking difficulty. The results are compared with those of
the previous study [27]. Section 4 introduces a visualiza-
tion tool for future use in walking rehabilitation to show
the singular values in a human-friendly manner. Discus-
sions on the experimental results and the visualization tool
are given in Section 5. Finally, Section 6 concludes the
paper and discusses the future work.

2. Sliding Window Based SVD

2.1. Standard SVD

The SVD is a factorization of a rectangular real or com-
plex matrix with many applications in signal processing
and statistics [22, 23]. Suppose M is an m-by-n matrix,
then a factorization of M is

M = UΣV T . . . . . . . . . . . . . . (1)

where U = (u1,u2, . . . ,um) is a unitary matrix with
u1,u2, . . . ,um being the left singular vectors of M, V T =
(v1,v2, . . . ,vn)T is a unitary matrix with v1,v2, . . . ,vn be-
ing the right singular vectors of M, and the matrix Σ is
an m-by-n diagonal matrix with nonnegative real singular
values on the diagonal.

Time

Time-Series Data

m

n

Fig. 1. Design of matrix using whole time-series. m is the
length of the segments and n is the number of segments.

Denote the singular values as σ1,σ2, . . . ,σL in the de-
creasing order of magnitude (σ1 ≥σ2 ≥ ·· · ≥σL ≥ 0). Set
d = rank(M), we usually have d = L = min{m,n} when
M is composed of time-series data measured in real-life.
In this notation, M can be written as

M = σ1u1v1 +σ1u1v1 + · · ·+σdudvd . . . . (2)

This equation shows that the collection (σi,ui,vi) can be
considered as a component of M with ui and vi represent-
ing the pattern of M and σi showing how representative
the pattern is. Since vi = MT ui/σi according to the calcu-
lation of the SVD, either of ui and vi is utilized in analysis.

2.2. Feature Extraction from Matrix of Whole
Time-Series

In the previous studies [26, 27], we have proposed a
feature extraction method using the SVD by composing
the matrix M with the whole time-series data of measure-
ment. The design of M is shown in Fig. 1. n segments
each with m data are extracted at certain intervals to com-
pose the m-by-n matrix M for the SVD.

Since the singular vectors represent the characteristics
of M that consists of the time-series measured, we applied
the left singular vectors to a hand gesture recognition ex-
periment in which 5 hand gestures were recognized ac-
cording to the singular vectors decomposed from the 3D
trajectory of the hand motions. A higher recognition rate
was obtained with the proposed method than those with
PCA and CE [26]. On the other hand, the magnitude of
the singular values may indicate the stability of the motion
since the singular values shows the representativeness of
the patterns in the singular vectors. We thus investigated
the possibility of using the singular values from walking
acceleration data as a reliable criterion to evaluate walk-
ing ability. The singular values of the left and shanks
showed decreasing trend with the increase of walking dif-
ficulty [27].

The previous studies have shown the effectiveness of
SVD in feature extraction from time-series data. How-
ever, issues remained concerning data preprocessing dur-
ing the preparation of matrix M. To guarantee the perfor-
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Fig. 2. Design of matrix using sliding window subsets. K is
the number of subsets, m is the length of the segments, and
n is the number of segments in a subset.

mance, the segmentation of the motion cycles and align-
ment by interpolation and deletion to make the cycle
length the same are required. These issues need to be
solved to simplify calculation and ensure the performance
not affected by the implementation of segmentation and
alignment.

2.3. Feature Extraction from Matrix of Sliding
Window Subsets of Time-Series

To exclude data preprocessing from the calculation
while ensuring the performance of feature extraction, we
propose to compose the matrix M with sliding window
subsets rather than the whole time series.

Suppose that w points (P1,P2, . . . ,Pw) on the body are
measured while a motion is performed. The time series
data on each point are divided into K subsets by sliding
windows (Fig. 2). On point Pi, the measured data series of
the G-th subset is denoted as τ i,G. The data series of τ i,G

consists of three-dimensional data (Xi,G,Y i,G,Zi,G). From
this time-series data τ i,G = (Xi,G,Y i,G,Zi,G), n vectors by
m data sampling are extracted by overlapping and the ma-
trices Mi,G

X ,Mi,G
Y , and Mi,G

Z are constructed as a collective
of the measurement data on the X ,Y , and Z coordinates of
the motion, respectively. Fig. 2 shows a design for con-
structing the matrix Mi,G

X that is a Hankel matrix. The
matrices Mi,G

X ,Mi,G
Y , and Mi,G

Z are described as follows:

Mi,G
X = (Xi,G

1 ,Xi,G
2 , . . . ,Xi,G

n )T . . . . . . . (3)

Mi,G
Y = (Y i,G

1 ,Y i,G
2 , . . . ,Y i,G

n )T . . . . . . . (4)

Mi,G
Z = (Zi,G

1 ,Zi,G
2 , . . . ,Zi,G

n )T . . . . . . . (5)

where Xi,G
p = (xi,G

p,1,x
i,G
p,2, . . . ,x

i,G
p,m), p = 1,2, . . . ,n, and x is

a datum on the X coordinate. Y i,G
p and Zi,G

p are defined in
the same way.

Suppose Mi,G
k , k = {X ,Y,Z} is an m-by-n matrix as the

general format of Mi,G
X ,Mi,G

Y ,Mi,G
Z . The SVD of the matrix

Mi,G
k is

Mi,G
k = Ui,G

k Σi,G
k {V i,G

k }T . . . . . . . . . (6)

where Ui,G
k = (ui,G

1,k ,u
i,G
2,k, . . . ,u

i,G
m,k) is an m-by-m unitary

matrix, {V i,G
k }T denotes the conjugate transpose of V i,G

k =
(vi,G

1,k ,v
i,G
2,k , . . . ,v

i,G
n,k) which is an n-by-n unitary matrix, and

the matrix Σi,G
k is an m-by-n diagonal matrix. The diag-

onal entries of Σi,G
k are the singular values of Mi,G

k . The
matrix Ui,G

k contains the left singular vectors of Mi,G
k and

the matrix V i,G
k contains the right singular vectors of Mi,G

k .
A singular vector expresses the characteristic of the whole
time-series data better if its corresponding singular value
is larger. That is, the greater the singular value is, the
more dominant the corresponding pattern is.

Choose the left singular vectors as the pattern. Suppose
that the number of left singular vectors to be considered is
l, and the element number of the j th left singular vector
is q. Let us denote the couples of the singular values and
the left singular vector as

HG = ((σ i,G
1,X ,ui,G

1,X),(σ i,G
2,X ,ui,G

2,X), . . . ,(σ i,G
l,X ,ui,G

l,X )) (7)

for ui,G
j,X = (ûi,G

1 j,X , ûi,G
2 j,X , . . . , ûi,G

h j,X , . . . , ûi,G
q j,X) in the de-

scending order of the singular values, where ûi,G
h j,X is the h

th element of the j-th left singular vector ui,G
j,X . σ i,1

1,k of H1,
for example, is the first (and the biggest) singular value of
the first subset from the k coordinate of time-series data
measured on measurement point i. The pair (σ i,G

1,X ,ui,G
1,X)

possesses the most important feature of the G-th subset
Since the Hankel matrix is designed by overlapping the

extracted data from the whole time-series data by sliding
window, preprocessing of segmentation and alignment,
is not required. The SW-SVD is not constrained by the
length of the whole data. The difference between PCA
and our method is that PCA generally analyzes the matrix
composed of the deviation of each datum from the empir-
ical mean and does not allow overlap of the measurement
data.

3. Walking Ability Evaluation Using Singular
Values

Kinesiological studies using wireless sensors draws in-
creasing attention with the dissemination of portable de-
vices such as tablets and smart phones. Especially in the
field of healthcare, the development of convenient ways
to monitor daily health status and predict disorder has ac-
complished many achievements [28, 29].

We focus attention on the walking ability assessment
during the process of walking rehabilitation. Clinical
measurement of walking ability are mainly based on in-
spection of the physical therapist, sometimes with the
help of muscle strength measurement, X-ray examina-

1242 Journal of Advanced Computational Intelligence Vol.21 No.7, 2017
and Intelligent Informatics



Time-Series Data Analysis Using Sliding Window Based SVD

B. Waist

R. M. 
Shank

Back view Side view

x

y
z

L. M. 
Shank

Simulation of  
walking difficulty

knee supporter

weight

accelerometer
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tion, ground reaction force, 3D motion analysis, accel-
eration analysis, gait and stride analysis, or electromyo-
graphy (EMG) and so on. Objective measurements and
correct interpretation of the measurement results can have
a substantial impact on the recovery since it is important
to track the recovery and thus to design the proper rehabil-
itation program according to the condition of the patient.
Furthermore, a convenient assessment method is desired
for those who rehabilitate and exercise at their homes,
thus they can know their status anytime by themselves.

Since the singular values indicate the strength of the
corresponding singular vectors that represent the charac-
teristics of the Hankel matrix, the matrix composed of
time-series data of stable motions should have relatively
large singular values. The singular values therefore can be
considered as an index to evaluate the stability of motion.
In this section, the singular values from walking accel-
eration data are applied to evaluate the levels of walking
disability. Compact, wearable, and convenient accelerom-
eters have been widely used to monitor body movements,
including gait, sit-to-stand transfers, postural sway, and
falls. They have been used in clinician to evaluate phys-
ical activity levels [12], to identify and classify move-
ments [30, 31], and to analyze gait pattern in diseases [32,
33].

3.1. Walking Acceleration Measurement
Six healthy subjects aged 21-31 yr (mean 26 yr) partici-

pated in the experiment. All subjects were fully informed
about the procedures, risk, and benefits of the study as
well as the specifications of the devices, and written in-
formed consents were obtained from all the subjects be-
fore the study. The study was carried out in accordance
with the principles outlined in the Declaration of Helsinki.
The experimental protocol was approved by the ethics
board of Kochi University of Technology.

In order to measure the acceleration of different walk-
ing abilities, we simulated walking difficulty by restrict-
ing the right knee joint with knee supporters and weight
bands (Fig. 3). The knee supporter, with plastic plates in-
side, wrapped around the knee joint decreases the range of
movement (ROM) of the knee joint, and the weight band
bound around the ankle joint can simulate the weakness in

muscle strength. The simulation is very important in test-
ing our method since it does not endanger the safety of
the disabled during the development phase of the method.
Furthermore, the simulation allows us to create different
levels of the same symptom to validate the method, which
is difficult by recruiting patients. In medical practice, the
walking disabilities are quite various, common trends are
hard to obtain by a small number of subjects. The exper-
iment in this study only simulated one aspect of walking
difficulties to verify the proposed SW-SVD. The similar
methods to simulate walking difficulty were also used in
other studies [34, 35].

Two levels of walking difficulty were simulated by two
levels of constraint. One knee supporter and one weight
band (1 kg) simulated the weak constraint, and two knee
supporters and two weight bands (2 kg) simulated the
strong constraint. In total, three statuses (Normal with-
out constraint, Weak, and Strong) were measured.

The subjects were instructed to walk for approximately
4 m along a straight line. The experiment was carried out
in the order of Normal, Weak, and Strong. For each status,
each subject walked four times.

The acceleration is measured by 3 wearable wireless
3-axis accelerometers (Motion Recorder MVP-RF8, Mi-
croStone Corporation, Nagano, Japan) fixed to the back
of the waist (B. Waist), the midpoint of the right shank
(R. M. Shank), and the midpoint of the left shank (L. M.
Shank), as shown in Fig. 3. Sampling rate of the sen-
sors was 100 Hz. The sensors’ x-axis is up/down, y-axis
front/back, and z-axis right/left when the subject stand-
ing upright. However, since the orientation of the sensors
changes during walking, the coordination system changes
correspondingly.

Examples of the acceleration time-series measured are
shown in Fig. 4. Fig. 4(a) shows the x-coordinate acceler-
ation at R. M. Shank when a subject walking in the three
statuses. Fig. 4(b) shows the acceleration time-series at R.
M. Shank when a subject walking in the status of weak.
The acceleration data of one stride are shown in Fig. 4(c).
All the acceleration at the B. Waist, R. M. Shank, and
L. M. Shank significantly fluctuated when the right foot
pushed off from the floor or stepped on the floor. The ac-
celeration fluctuation at L. M. Shank was more significant
than that at R. M. Shank since the right leg was restricted
by the knee supporter and the weight band. The fluctua-
tion in the acceleration at B. Waist was the smallest among
the three measurement points. This showed that the trunk
of the body, especially the waist, was kept relatively stable
to maintain the body balance even when the lower limbs
were restricted.

3.2. Data Analysis Using SW-SVD
Stricter constraint leads to slower walking, and thus to

affect the magnitudes of the accelerations. The effective-
ness of the SW-SVD cannot be validated if the SW-SVD
is performed on the raw data because the values of the sin-
gular values are affected by the magnitudes of the items
in the Hankel matrix. Therefore, the time series data are
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normalized in order to exclude the impact of the magni-
tudes of the acceleration. For every series of the accel-
eration data, the maximum acceleration amax is set to 1,
the minimum acceleration amin to 0, and the other values
anl =(a−amin)/(amax−amin) while a is the original value
and anl is the normalized value.

After normalization, the SW-SVD is performed on ev-
ery series of acceleration data. Parameters m and n are
very critical for the performance of SW-SVD. The selec-
tion of them depends on the periodicity of the time-series
data and the desired features. As shown in Fig. 4, the
period of on step was around 1 s during which 100 data

were measured (sampling rate: 100 Hz). To investigate
the relatively detailed features of walking, Hankel matri-
ces with 10 rows and 10 columns were composed from
the subsets of data, that is n = 10, m = 10. The number of
subsets K was determined by the total number of data in
each acceleration time-series data N (K = N−m−n+1).
The first singular values were considered in the current
analysis. Thus parameter l was 1. The first singular val-
ues of all the HGs of a single series of acceleration were
sorted in descending order. The top 50 first singular val-
ues were adopted and their mean value was considered
as the criterion to evaluate the walking difficulty. There
were 3 measurement points: B. Waist, R. M. Shank, L.
M. Shank, each of which had 3 dimensions. Therefore,
9 groups of first singular values were calculated for each
subject.

4. Results

The mean values of the singular values extracted from
the acceleration time-series are listed in Table 1. Sx, Sy,
and Sz are the singular values of x, y, and z coordinates.
The singular values of the six subjects and their average
at the 3 levels of walking difficulty are listed in the ta-
ble. At measurement point B. Waist, no common trend
among the subject was found with the 3 levels of walk-
ing difficulty (Normal, Weak, and Strong). The waist is
near to the body’s center of gravity and is always kept
relatively stable during walking. Fig. 4(c) shows that the
fluctuation range of the acceleration of the waist was rel-
atively smaller to maintain the body balance. At mea-
surement point L. M. Shank, although increasing or de-
creasing trends were found with the walking difficulty in
some subjects, there were no consistent trends among the
subjects. The constraint to the right knee also affected
the gait of the left leg. However, the effect was differ-
ent among the subjects due to the different biomechanics
of them. At measurement point R. M. Shank, common
changing trends were observed in the mean values with
the increase of walking difficulty. On the x and y coor-
dinates, the singular values increased with the increasing
walking difficulty. On the z coordinate, the singular val-
ues decreased with the increasing walking difficulty. With
respect to trend of the individual subject, the Sx of 5 sub-
jects (Sub 1 to Sub 5), the Sy of 4 subjects (Sub 2, Sub 3,
Sub 5 and Sub 6), and the Sz of 3 subjects (Sub 3, Sub 4
and Sub 6) are in the same trend with the mean values.
Since R. M. Shank was located on the same side of the re-
stricted knee, the acceleration measured by R. M. Shank
most reflected the walking difficulty posed by the con-
straint.

A one way analysis of variance (ANOVA) was per-
formed on the singular values at R. M. Shank to assess
the significance of the difference among the three levels.
ANOVA is widely used to determine whether the differ-
ences between the means of three or more groups are sig-
nificant. If the P Val.≤ 0.05 (significance level), the dif-
ferences are considered statistically significant. The re-
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Table 1. Means of the singular values.

Constraint B. Waist R. M. Shank L. M. Shank
Subjects Ambulation Sx Sy Sz Sx Sy Sz Sx Sy Sz

Normal 5.01 6.66 6.75 5.97 5.15 3.70 5.76 4.35 8.03
Sub 1 Weak 4.89 7.87 7.57 4.94 5.05 3.25 5.27 4.67 7.81

Strong 4.60 8.19 7.89 3.96 4.33 4.59 4.94 6.58 7.81
Normal 7.21 8.17 8.43 7.90 6.47 4.65 7.84 6.50 6.78

Sub 2 Weak 6.82 8.59 8.81 7.12 7.28 6.00 7.72 6.57 7.17
Strong 6.63 8.72 9.13 5.13 7.62 4.74 8.01 6.37 6.94
Normal 6.95 8.08 7.31 8.33 5.38 4.83 8.22 5.91 6.19

Sub 3 Weak 7.35 8.66 7.78 7.73 6.92 5.77 7.25 6.10 6.88
Strong 5.77 8.92 7.86 5.60 7.10 6.12 7.81 6.85 6.18
Normal 5.70 8.52 7.11 7.02 4.83 3.74 7.26 6.98 7.22

Sub 4 Weak 5.77 8.06 7.66 5.39 5.57 4.32 5.72 6.64 7.72
Strong 5.24 8.62 7.11 4.54 5.50 4.58 5.34 5.91 7.34
Normal 6.36 8.07 6.66 6.99 6.03 5.53 6.01 5.89 7.26

Sub 5 Weak 5.58 8.45 6.49 5.13 7.19 6.98 6.46 5.41 7.17
Strong 5.83 8.02 6.33 4.31 8.33 6.32 7.06 5.51 6.95
Normal 4.53 7.94 7.96 6.39 5.97 4.69 6.70 5.06 6.74

Sub 6 Weak 4.35 8.11 7.25 4.08 6.57 4.82 6.23 4.62 6.01
Strong 4.47 8.19 7.03 4.59 7.94 6.24 6.04 5.40 4.60
Normal 5.96 7.91 7.37 7.10 5.64 4.52 6.97 5.78 7.04

Ave. Weak 5.79 8.29 7.59 5.73 6.43 5.19 6.44 5.67 7.13
Strong 5.42 8.44 7.56 4.69 6.80 5.43 6.53 6.10 6.64

Table 2. Results of ANOVA at R. M. Shank.

Variation Sum of Mean F P
Factor Sq. Diff. DOF Sq. Val. Val.

Be.Gr. 17.554 2 8.777 8.528 0.003
Sx With.Gr. 15.438 15 1.029

Total 32.992 17
Be.Gr. 4.247 2 2.123 1.739 0.209

Sy With.Gr. 18.311 15 1.221
Total 22.558 17

Be.Gr. 2.656 2 1.328 1.317 0.297
Sz With.Gr. 15.125 15 1.008

Total 17.781 17

sults in Table 2 show that for the x coordinate, the singular
values are significantly different between the three levels.
The first singular values of R. M. Shank, therefore, are
suggested to be an effective criterion to evaluate walking
difficulty. That is, the first singular values from the x coor-
dinate acceleration of the restricted leg decreases with the
increase of walking difficulty. The larger the first singular
values are, the more serious the walking difficulty is.

The results in Tables 1 and 2 show the possibility of
evaluating walking disability using the singular values.
The first singular values extracted from the acceleration
data at R. M. Shank are plotted in a 3D space in Fig. 5.
The singular values of the 4 trials of walking are plot-
ted in different shapes and colors according to the 3 sta-
tuses. The average singular values of the 3 statuses are
connected by black lines. Fig. 5 shows that the first singu-
lar values are nearly separable in the 3D space according

to the statuses. The line connecting the average values can
be considered as severity line of walking difficulty. The
visualization tool can be utilized in diagnosis or rehabili-
tation to assist walking difficulty evaluation.

Although statistically not significant, the singular val-
ues on the x and y coordinates at R. M. Shank increased
on average with the increasing walking difficulty. The
differences of the singular values between different co-
ordinates, Sx − Sy and Sx − Sz, were both in descending
trends. The Sx−Sy and Sx−Sz plotted in Figs. 6 and 7 for
each subject illustrate descending trends with the increas-
ing walking difficulty without exception. The differences
is suggested to be effective in evaluating walking diffi-
culty. On the other hand, a great inter-subject difference
was also observed, which was caused by the difference in
the dynamics of human walking. These results suggest
that the Sx − Sy and Sx − Sz are effective in monitoring
a person’s walking difficulty (e.g., tracking the recovery
of a patient during rehabilitation) while the inter-subject
difference cannot be neglected when they are applied to
evaluate walking difficulty between different persons.

Since the acceleration time-series data were normal-
ized before performing the SW-SVD, the influence of
magnitude difference caused by the restriction was ex-
cluded. The analysis results above therefore validate that
the proposed SW-SVD is effective to extract features rep-
resenting change patterns from time-series data. With the
method in the previous study [27], although the singu-
lar values at R. M. Shank and L. M. Shank significantly
decreased with the increasing walking difficulty, it was
unable to identify which knee joint was restricted. By
contrast, the singular values calculated with the SW-SVD
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R.M.Shank

Fig. 5. Singular values plotted in 3D spaces. Shapes and
colors indicate different statuses and their average.
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Fig. 6. Sx −Sy at R. M. Shank.
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Fig. 7. Sx −Sz at R. M. Shank.

only significantly decreased with the increasing walking
difficulty at R. M. Shank on the restricted right leg. This
suggests that the SW-SVD is more effective in extracting
features from time-series data than the previous method.

5. Visualization of Walking Ability

The results in Tables 1 and 2 and Figs. 6 and 7 suggest
that the first singular values are correlated with the level of
walking difficulty and can be used as the criterion for the
evaluation of walking disability. Objective measurements
and correct interpretation of the measurement results can
have a substantial impact on the recovery. A convenient
assessment method is desired for those who rehabilitate at
a hospital or exercise at home to keep them informed of
their status anytime, and thus to stimulate the motivation
to recover.

To provide a more understandable presentation of the
data for the physical therapists and the patients to evaluate
the recovery of walking ability by using the singular val-
ues calculated from the walking acceleration, we propose
a visualization method to assist in the evaluation of walk-
ing difficulty. Although plotting the singular values in 3D
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Fig. 8. Visualization triangle and its centroid. Dashed lines
show the virtual triangle.

space like Fig. 5 shows to some extent the visible informa-
tion useful for comprehension, it may be still unfamiliar
for the elderly. The acceleration are usually measured in
3 dimensions, the results of which are difficult to display
on a flat screen emphasizing the representative features.
In order to provide a more understandable presentation of
the data for the physical therapists and the patients, we
therefore design a display method to show the 3D singu-
lar values in 2 dimension while representing the features
related to walking difficulty in an intuitive way.

As shown in Fig. 8, the singular values of the 3 dimen-
sions are indicated by 3 vectors, the angles between which
are 120◦. The centroid of the triangle defined by the ver-
texes of the 3 vectors is used as the indicator to represent
the features of the 3D singular values. By plotting the sin-
gular values calculated from the acceleration time-series
in order of time, the centroid will represent the relation-
ship between the singular values, and the trajectory of the
centroid will make explicit the change patterns of the sin-
gular values according to the walking difficulty.

The trajectories of the centroids of the visualization tri-
angles are shown in Fig. 9. Results of the first of the four
trials of walking are plotted since results of the four trials
are quite similar. Common change patterns can be ob-
served intuitively in the results of all the six subjects. The
centroids of the Normal status scatter along the diagonal
stroke at an angle of approximately 45◦ to the horizontal.
The centroids of the Weak status converge nearer to the
point of origin than those of the Normal and Strong sta-
tuses. The centroids of the Strong status scatter along the
horizontal. If ellipses are drawn to envelope the centroids
of the three statuses, the ellipse of the Normal status is the
biggest with its major axis being at an angle of approxi-
mately 45◦ to the horizontal. The ellipse of the Normal
status is approximate to a circle with its center near to
the point of origin. The ellipse of the Normal status has
the smallest minor axis and its major axis is nearly paral-
lel to the horizontal. Although the change patterns might
be similar between different statuses of different subjects
(e.g. Weak of Sub 5 and Normal of Sub 6), notable differ-
ences between the three statuses exist within one subject.
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Fig. 9. The trajectories of the centroids the visualization tri-
angles (left figure for Normal, middle figure for Weak, right
figure for Strong).

6. Discussion

6.1. Performance of the SW-SVD
The SW-SVD for embodied knowledge extraction is

proposed which performs SVD on the sliding window
subsets of time-series data. The matrix for SVD is de-
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signed by overlapping the subsets of the time-series data.
Different from the method of the previous study [27] that
composed the matrix with data from different cycles of
motion, the SW-SVD does not require segment prepro-
cessing which is time-consuming and may affect the cal-
culation results.

The SW-SVD is applied to evaluate the difficulty of
walking with the singular values. The mean values of
the first singular values listed in Table 1 shows signif-
icant correlation with the walking statuses. Given that
the acceleration time-series were normalized to exclude
the effect of the magnitude of the acceleration caused by
walking speed, these results suggested the effectiveness of
the SW-SVD. In the previous study [27] which composed
the matrix with data from segmented motion cycles, the
singular values at R. M. Shank and L. M. Shank were sig-
nificantly different between the walking difficulties. By
contrast, the singular values calculated with the SW-SVD
only significantly decreased with the increasing walking
difficulty at R. M. Shank on the restricted right leg. Since
the first singular value is a scalar measuring the impact of
the first left singular vector, which is the most dominant
pattern of the Hankel matrix, the correlation between the
singular values and the walking statuses indicated that the
impacts of the patterns change regularly according to the
walking difficulties.

6.2. Practicality
Biological signals, most of which are time-series data,

are being widely measured and analyzed in the field of
health care. The singular values and the singular vectors
can provide a new perspective to look into the time-series
data of motions. As a basic ability required for indepen-
dent daily life, walking has been studied extensively and
there have been varied approaches to handle walking anal-
ysis, ranging from kinematic models to gait feature analy-
sis such as stride length and gait cycle. Walking with dif-
ferent disabilities has a similar pattern or characteristic.
The strength of the most dominant characteristic, which
is represented by the first singular vector, is significantly
different according to the levels of walking difficulties.
Figs. 6 and 7 suggest the practicality of the singular val-
ues as a criterion to evaluate walking ability. The singular
values can be utilized as a criterion for the evaluation of
recovery in walking rehabilitation.

The visualization method was further proposed to show
singular values in an easily understandable way for the
patients and the physical therapist. The visualization of
analytical results is critical in practical use for a person
without academic background to get informed [36, 37]. A
visualization triangle, defined by the singular values from
the walking acceleration, is proposed as a visualization
tool to assist the evaluation of the walking disability. The
physical therapist and the patient can intuitively evaluate
the recovery progress with the trajectory change of the
centroids of the triangles defined by the singular values.
The gradual pattern changes is visually indicated to be
from diagonal distribution along the stroke at an angle of

approximately 45 to converging to the point of origin, and
to flatting along the horizontal with the increase of walk-
ing diffculty. The kind of correlation between the patterns
and disabilities provides a tool available for the patients
in rehabilitation to keep informed of their recovery.

6.3. Future Work
The proposed SW-SVD was applied to walking eval-

uation by analyzing the time-series of acceleration. Be-
sides the acceleration data analyzed in this study, it can
also be applied to analyze other time-series data such as
angular velocity and position. A better evaluation may
be achieved by analyzing multimodal kinesiological data.
The parameters, n and m, that determine the Hankel ma-
trix in the SW-SVD need to be further discussed. The
current calculation with n = 10, m = 10 has shown the ef-
fectiveness and applicable prospect of the SW-SVD. The
appropriate value of n and m might be related with the
sampling rate of measurement and the speed and cycle of
the motion. The SW-SVD is a method to investigate the
fundamental features of time-series data. Superior fea-
tures important for motion evaluation, such as symme-
try/asymmetry [38] and cycle characteristics [39], can be
studied based on the fundamental features of singular val-
ues and singular vectors. We will further investigate the
features extracted by SW-SVD by comparing it to other
time-series analysis methods in our future work.

Only the first singular values were considered in the
current analysis to evaluate the walking difficulty. The
detailed gait pattern change with walking difficulty can
be extracted by the left singular vectors. The other singu-
lar values and the singular vectors may also contain infor-
mation significantly associated with the motion patterns.
Future work will study the usefulness of the other compo-
nents, and experiments of motions besides walking will
be conducted to further validate the SW-SVD.
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